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Abstract We study two-component ultracold fermions with repulsive interactions,
which are loaded into a decorated square lattice. By combining the real-space dynam-
ical mean-field theory with the numerical renormalization group method, we discuss
magnetic properties in the system. It is clarified how the ferromagnetically ordered
ground state, which is stabilized by a flat band mechanism, is adiabatically connected
to the ferrimagnetically ordered state expected in the strong coupling limit.
Keywords Optical lattice · Fermion · Ferromagnetism
1 Introduction
Recently, optical lattice systems have attracted much interest [1]. One of the re-
markable examples is a fermionic optical lattice system, which is formed by loading
fermionic atoms in a periodic potential [2]. Owing to its high controllability in the
interaction strength, the number of particles and other parameters, many remarkable
phenomena have been observed such as superfluidity [3], Mott transition [4–6], etc.
Current experiments in optical lattices are done at temperatures higher than typical
magnetic transition temperature, and therefore a magnetic order has not been ob-
served so far. Nevertheless, the possible realization of magnetically ordered states for
cold atoms in optical traps is a very hot topic [1]. Theoretically it has been predicted
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Fig. 1 (Color online)
Decorated square lattice.
Dashed line shows the unit cell.
Sketch of the RDMFT
procedure, in detail see text
Fig. 2 Local density of states
(LDOS) for noninteracting
particles. Up panel is LDOS of
A site, and down panel is that of
B , C site
that magnetic states should be realized in some fermionic optical lattice systems such
as a two-dimensional (2D) square lattice with confining potential [7] and a honey-
comb lattice with p-orbitals [8]. Note that the transition temperature in the 2D model
we treat here (see below) is of the same order in magnitude as expected for the above
2D systems. We therefore believe that present study will add to the motivation to
intensively study magnetism in cold atom systems.
We here investigate how the magnetic state emerges for an optical lattice with
specific geometry that has a tendency to stabilize the ferromagnetism. The model
system we consider for this purpose is a decorated square lattice shown in Fig. 1,
which may be expected to be realized experimentally in the future. The lattice is
composed of three kinds of sites, A, B and C, whose characteristic structure gives
rise to a flat-band structure in the local density of states (LDOS): a delta-function-
like peak (flat band) appears in the LDOS for B and C sites (see Fig. 2). In the half-
filled case, an infinitesimal interaction lifts the degenerate electron states at the Fermi
level, which drives the system to the ferromagnetically ordered state, as guaranteed
by Lieb’s theorem [9]. However, it is still nontrivial and interesting to elucidate how
the magnetically ordered state changes its character when the interaction strength is
varied. To address this problem, we study magnetic properties in the fermionic op-
tical lattice system on the decorated square lattice. We briefly comment on research
activities concerning ferromagnetism in condensed matter physics. The studies based
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on the Hubbard model have been continued since the 1930’s. In recent two decades,
remarkable progress has been made about flatband ferromagnetism [10–12] and itin-
erant ferromagnetism in the Hubbard model [13, 14]. We also note that an attempt
to realize flatband ferromagnetism on a decorated square lattice was indeed proposed
for quantum dot systems [15].
2 Model and Hamiltonian
We consider two-component ultracold fermions on the decorated square lattice,
which is described by the following Hubbard Hamiltonian,
H = −
∑
〈i,j〉,σ
tij c
†
i,σ cjσ + U
∑
i
ni↑ni↓ (1)
where c†iσ (cjσ ) creates (annihilates) a fermion at the ith site with spin σ , and niσ =
c
†
iσ ciσ . tij is the nearest-neighbor hopping and U is a repulsive interaction.
To discuss ground-state properties of the system, we use the real-space dynamical
mean-field theory (R-DMFT) [16–25], which has successfully been applied to some
correlated systems such as an interface between the band insulator and the Mott insu-
lator [21, 22], repulsive [7, 23] or attractive [24, 25] fermionic atoms with confining
potential. In the R-DMFT, the lattice model is mapped onto an effective impurity
model, where local correlations are taken into account precisely. In our decorated
square lattice model, we need to introduce three kinds of effective impurity models.
The Green function of the effective bath Gασ , is determined by the Dyson equation,
Gˆ−1ασ (ω) =
[
∑
k
1
ω + μ − tˆ (k) − Σˆσ (ω)
]−1
+ Σˆασ (ω) (2)
where μ is the chemical potential, k is the wave vector in the reciprocal lattice space,
and Σˆα is the self-energy for the αth sublattices. Here, Gˆ , Σˆ , tˆ are represented by
3 × 3 matrices.
To solve the effective impurity models, we employ the numerical renormalization
group (NRG) [26–29], where the effective bath is discretized on a logarithmic mesh,
enabling us to treat low-energy properties precisely. NRG is especially powerful to
study our system, since we should treat correlation effects including a singular be-
havior due to a flat-band in DOS near the Fermi level. We can therefore access the
small energy scales in the system quantitatively. To ensure that the sum rules for dy-
namical quantities are fulfilled, we use the complete basis set algorithm proposed
recently [30, 31]. In this study, we calculate the particle density nσ and the magneti-
zation mα = 12 (nα↑−nα↓) to discuss the effects of the interaction on the magnetically
ordered ground state. We note here that our calculation is done at T = 0.
3 Results
To discuss how the ferromagnetically ordered state is affected by repulsive interac-
tions, we show the magnetization for each sublattice in Fig. 3. Upon introducing the
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Fig. 3 (Color online) Squares
(triangles) represent
spontaneous magnetizations for
A (B and C) sublattices. Crosses
represent the total
magnetizations per unit cell
interaction U , the magnetization for the A sublattice increases gradually from zero,
while the magnetizations for the B and C sublattices appear discontinuously from
zero to m = −0.25. This singular behavior is caused by the flat band structure at the
Fermi level in the LDOS (see Fig. 2). The resulting ferromagnetism is often called
the flat-band ferromagnetism [9]. As the interaction further increases, the magneti-
zation for each sublattice increases gradually and approaches the saturated values in
the strong coupling regime, where the ferrimagnetically ordered ground state is real-
ized with staggered magnetizations (mA ∼ 0.5 and mB,C ∼ −0.5). Therefore, there
is a smooth crossover from the flat-band ferromagnetism to the Heisenberg-type fer-
rimagnetism when the strength of U is varied. We note that the total magnetization of
the unit cell is always preserved during the change of the interaction strength, which
is consistent with Lieb’s theorem.
What happens in the weak- and strong coupling regime can be more clearly seen in
the LDOS for each sublattice. We first recall that at U = 0 (Fig. 2), the LDOS has the
flat band in the B, C sublattices at the Fermi level, but not in the A sublattice. When
an infinitesimal interaction is introduced, the splitting of the flat band at the Fermi
level (Fig. 4(a) and (b)) leads to the sudden increase of magnetizations for the B and
C sublattices. The weight of the flat band is half of the total weight in DOS, resulting
in the total magnetization mtot = −0.5 per unit cell in accordance with the computed
results in Fig. 3. Therefore, we can see that the ferromagnetism in the weak coupling
regime is dominated by the electrons around the Fermi level in the B and C sublat-
tices. On the other hand, in the strong coupling regime, where the magnetization for
each sublattice is almost saturated, all the electrons in the entire energy region con-
tribute to the formation of the Heisenberg-type ferrimagnetic order (Fig. 4). Note that
the crossover occurs around U/W ∼ 1, where W (= 4√2) means the bandwidth. Let
us discuss the crossover from a ferromagnetic to ferrimagnetic state under adiabatic
evolution in some more detail. The flatband ferromagnetism is caused by a flatband
at the Fermi level in the weak coupling region, where only the B and C sublattices are
polarized ferromagnetically with a vanishing magnetization of the A sublattice. As U
increases, a magnetic moment is induced gradually on the A sublattice in a direction
opposite to the ferromagnetic order. Note, however, that the total magnetization is al-
ways conserved (cf. also Fig. 3). Therefore, the flatband ferromagnetism can actually
be considered as an extreme limit of the ferrimagnetism, although the physics stabi-
lizing a magnetic order have different origins for these two states. A similar example
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Fig. 4 (Color online) Solid (dashed) lines represent the LDOS for up (down) spin in the system with
U/t = 1.4 (left) and 11.2 (right)
of such a crossover can be found in condensed matter physics, where the DMFT
study in the cubic lattice revealed a crossover from a spin density wave in the weak
coupling to a Heisenberg antiferromagnet in the strong coupling limit [32].
4 Summary
In summary, we have investigated the two-component fermionic repulsive Hubbard
model in a decorated square lattice. Using R-DMFT combined with NRG, we have
revealed how the system exhibits a crossover from the flat-band ferromagnetism in
the weak coupling regime to the Heisenberg ferrimagnetism in the strong coupling
regime. In order to observe the above magnetic state experimentally in an optical lat-
tice, it is crucial to examine how stable it is at finite temperatures. It is known that in
the pure 2D case addressed here, a phase transition should not occur at finite temper-
atures. However, if we consider quasi-2D systems, we can expect a finite-temperature
phase transition. It can be shown that the corresponding transition temperature should
become highest in the crossover regime. This encourages experimental investigations
on a quasi-2D optical lattice system in the crossover regime. The detailed analysis of
quasi-2D cases is now under investigation.
In this paper, we have neglected, for simplicity, the effects of the energy-level
splitting, the hopping imbalance, etc., which should be also important to discuss the
stability of the magnetically ordered state in the optical lattice. These effects will be
addressed elsewhere.
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